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ABSTRACT

Response surface methodology (RSM) data was examined for the ultrafiltration of oil-in-water emulsion
procedure via the use of three-phase experimental design methods namely: design of experiment (DOE), modeling
phase of the estimated regression model, and the optimization phase. A quadratic regression model (QM) was
employed to fit the data, which performed well in areas where the data exhibited a quadratic trend or curvature.
Nevertheless, the QM showed limitations near the boundaries with linear trend of the data due to a boundary bias
problem. To address this issue, ordinary least squares (OLS) regression and a global or fixed bandwidth (FB)
applied to local linear regression (LLRrg) model was considered via an experimental design technique such as
the Central Composite Design (CCD). The model aimed to improve goodness-of-fit statistics, the zero-residual
line, and optimization results. The comparative analysis, including 3D surface plots, the outcome showed that
(LLRgg) performed better than both OLS and QM in terms of the design technique. The (LLRzg) model
demonstrated superior goodness-of-fit statistics, minimized residual errors, and better optimization results,
achieving an overall desirability of 61.31%, as compared to 56% for OLS and 55% for QM respectively.
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INTRODUCTION

Oil in water is a byproduct present in the wastewater
generated by various industrial facilities, including
petrochemical plants, natural gas processing facilities,
nuclear power plants, food processing plants, and
agricultural operations. This wastewater contains a
complex mixture of water, oil, and additives such as
emulsifiers, corrosion inhibitors, anti-foaming agents,
and biocides. To either reprocess this wastewater or
release it into natural waterways, treatment is
necessary [1, 9, 19, 20].

According to [1, 10, 15, 24], several
published articles discussed Response Surface
Methodology (RSM), which was originally developed
by [2]. Subsequent significant contributions to the
development of RSM include works by [3, 4, 16].
Additionally, a later paper by [13] explores the
practical applications of RSM in the chemical and
processing industries. Moreover, the applications of
RSM extend across various fields of study [1, 10, 15].

The goal of this paper is to apply a fixed
bandwidth via the LLR5 as compared with QM and
OLS in order to improve the operating features that
would simultaneously optimize the multi-response
problems through RSM data for permeate flux (PF)
(L/m?h), turbidity removal (%) and chemical oxygen
demand (COD) removal (%) with the data from

literature [9, 20]. The research gap is addressed by
LLRpz which is not affected by the user specified form
unlike OLS and boundary biased problem as in QM.
The supremacy of LLRpz over OLS and QM is that
the hat matrix of LLRg incorporates Gaussian kernel
weight with fixed bandwidth for adequate smoothing
of the data. According to [10, 11, 15], defined RSM as
statistical technique applied by engineers and
industrial statistician for empirical model structure,
with the purpose of optimizing the response variables
which are influenced by numerous explanatory
variables or design variables with a limited number of
experiments [7, 8, 9, 21].

RSM is appropriate for optimizing the
response variable y as a function of more than one
explanatory variable (x;;, x;3, - - ., x;) Which can
be modeled as:

Vi = 1, Xigy s X)) + €
@)

where g; is the error term and assumed to have a
normal distribution with mean zero and variance 2.
The surface represented by f(x;1, Xiz, - - -, Xix) IS
called a response surface [23].

The actual response function f is unknown
which needs to be estimated. Applying RSM, we try
to find the functional relationship between the
responses y and related explanatory variables

(xilﬂ Xi2) « + o xik)'

i=12,..,n
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The conventional method suited in modeling
the relationship between the kth explanatory variables
and the ith response is to assume that the basic
functional form can competently be expressed
parametrically. The parametric regression model may
be superior, if the user can identify adequately a
parametric form for the data.

Hence, the general parametric regression model in
matrix notation can be written as:

y=XB+ ¢ )

where y is a vector of response, X = X(©L9) js the OLS
model matrix, B is the unknown parameter vector and
€ is the vector of error term assumed to be normally
distributed with homoscedastic property.

The Quadratic model is given as:

¥i = Bo+ BiA+ BB + B11A* + B,B* + B1,AB

3)

For which A=1x;, B=x, are the explanatory
variables; 8, is a constant coefficient; the varying
coefficients ;, B, and B,4, B,, are the coefficients of
linear, quadratic and interaction terms respectively [9,
20].

The usual method for estimating the
parameter vector in Equation (2) is usually based on
the Method of OLS. The parameter vector estimates
B in (2) is given as:
ploLs) = (XI(OLS) X(OLS))‘1 X0y x = xOL9)

(4)
The estimated responses for the it" location can be

written as:
~(OLS) _ _1(OLS) 3(0LS) _
= x| ﬂ( ) —

Yi
x,O) (x OLO X (OL) T 0Ly j = 12,
(5)
where x/©*9is the it* row of matrix X©, n x

i

(k + 1) vector, [5, 17].

MATERIALS AND METHODS

As specified in the literature, the two operating factors
are trans-membrane pressure (TMP) and velocity with
the multi-response variables; permeate flux (PF),
turbidity removal and the chemical oxygen demand
(COD) removal. The goal is to obtain an optimum
setting of the factors that would simultaneously
maximize PF, turbidity removal and COD removal
[20]. The impression behind the local linear regression
model is because it is flexible and can adjust
favourably in addressing boundary bias problem and
is not controlled to user specified form for the data [9,
10, 11].

In the literature the local linear regression
with adaptive bandwidth (LLR,g) was utilized,
whereas in this paper we shall apply a global or fixed

bandwidth for a local linear regression (LLRgg) for
smoothing of the data by location.

The Local Linear Regression (LLR) Model

An alternate method when the researcher lack
information or there is partial knowledge of the
functional form of the model, then the use of
nonparametric regression model is most appropriate
model and as such, the LLR model gain prominence
in this situation. The LLR model is a weighted form
of the least squares obtained from Local Polynomial
Regression of order one, which is an improvement
over the kernel regression model because it can adjust
to bias both at the boundaries of the explanatory
variables [9, 19, 21].

The LLR model is obtained from ordinary
~(LLR)

least squares theory. The LLR estimator ¥; of y;

is given as: PR =

x;(LLR) (X/(LLR)Wix(LLR))_lxl(LLR)Wiy _ HgLLR)y,
(6)

where y = (1, . ¥)"s X5 = (1 x5 ... xy) is the

it" row of the LLR model matrix, X“*®) given as:

1 %1 X2 - X
XALR) — 1 X1 X2 o X
1 Xn1 Xnz2 0 Xnk

(7
We define W, an n x n diagonal matrix of kernel
weights for estimating the response as

W:Ul'(sir,
r=1 2, . . .,n

i=1, 2, . . .,n;

where c; are kernels weight at ith location and &;, is
the Kronecker delta function given as

1, ifi=r
8ir = i=
0, otherwise
1, 2, . . .,n; r=1 2, . . .,n
8
Thus,
V1611 V1012 V161n
W= Uz‘?m Uz‘?zz Uz‘?m
Un 611 1 Un 8n2 vn 8nn
)
vl O ee O
T
0 0 - v,

Where v = Wil’ vy, = WiZ) ..
of location, W = W;

- Up = Wiy, Interms
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wi; O 0
w;= (.) M % li=
0 0 ees Win
1, 2, .. .,n. (10) [8, 9, 23].
Equation (10) can be written as:
W; = dia(Wi1, Wiz,..., Wip) for each i=
1, 2, .. .,n.
We can rewrite Equation (6) in terms of hat matrix as:
?(LLR) — H(LLR)y, (11)

where the n x n matrix, HAR) js the LLR hat matrix
written as:

HILR) —
, -1
xl(LLR) ( x'LLR) w, X(LLR)) XI(LLR)WI
, -1
xz(LLR) ( x'LLR) w, X(LLR)) XI(LLR)WZ

x;fLLR) ( XI(LLR)Wn X(LLR))_l X/(LLR)Wn
(12)
The flaw of LLR model is high bias in areas
where there is curvature because the setup of model

matrix of the LLR model do not incorporates
quadratic terms [12].

Global Bandwidth

We presented data-driven locally adaptive
bandwidths:
bij=bi=12, ...,n;j=12,.. .k (13)

where, 0 < b;; < 1.

Experimental design

In RSM application, the factors are usually more than
one. Hence, the choice of appropriate levels to be
studied for the explanatory variables is also vital as it
can affect model correctness. The Experimental
Design phase permits an appropriate design that can
adequately and substantially estimation relationship
between the response and one or more factors.
Ordinarily applied DOEs in RSM include: 2% full
factorial design, 3% full factorial design, and the CCD.
In CCD, the number of experimental setup or run can
be obtained by the mathematical relation given by;
2% + 2k + k., and all the factors are studied at five
levels given as: (—, a,—1,0, 1, &), where 2% is the full
factorial design, 2k axial (star) points which are
located at distance @ = V2 from the center point and
k.. In this case k = 2, the numbers of factors utilized
in the design and k. = 5. Therefore, the total number
of experimental runs is equals thirteen and for the data
collection see [9, 10]. Therefore, the factors and coded
levels as given in the literature are shown below in
Table 1:

Table 1: Coded stages and range for the design of experiments [9]

Coded Levels

Variables Factors or Input

parameters -1.414(-a)
TMP (bar) A=x 0.7
Velocity (m/s) B =x, 1.0

-1(Low)  O(Medium) 1(High) +1.414(+a)
1.0 1.7 2.5 2.8
15 2.6 3.7 4.2

In Table 2, given below is the CCD as given in the literature for two experimental factors and three responses.

Table 2: Coded stages and range for the design of experiments [9, 10, 20]

Exptal. Exptal. Design Coded Levels
Run A: TMP B: Velocity PF Turbidity Removal COD Removal (%)
(code) (code) (L/m?h) (%)

1 0.7 (-1.414) 2.6 (0) 40 82 78
2 1.7 (0) 1.0 (-1.414) 32 85 82
3 1.7 (0) 2.6 (0) 48 74 79
4 2.5 (+1) 3.7 (+1) 64 72 68
5 2.8 (+1.414) 2.6 (0) 52 70 69
6 2.5 (+1) 1.5(-1) 42 68 78
7 1.7 (0) 2.6 (0) 50 73 81
8 1.7(0) 2.6 (0) 47 75 78
9 1.7(0) 2.6 (0) 49 77 80
10 1.7(0) 4.2 (+1414) 68 69 68
11 1.0 (-1) 3.7 (+1) 58 80 73
12 1.0 (-1) 1.5(-1) 33 88 82
13 1.7 (0) 2.6 (0) 49 76 79
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Data transformation to RSM data in the interval
of zero and one

The values of the operating factors are coded between
0 and 1. The data collected via a CCD is transformed
by a mathematical relation:

Min(xoLp)—Xo
(Min(xoLp)-Max(xoLp))

XNEW = (14)

Where xygw IS the transformed value, x,, is the target
value that needed to be transformed in the vector
containing the old coded value, represented as x;p,
Min(xo.p) and Max(x,.p) are the minimum and
maximum values in the vector x,,p respectively, [8].
The natural or coded variables in Table 1 can be
transformed to explanatory variables in Table 2 using
Equation (14).

Target points needed to be transformed for
location 2 under the coded variables are given below:
Target points  x,: —1.414,0; Min(xgp): —
1.414 ,—1.414; Max(xop): +1.414, +1.414

Min(xo.p) — Xo

(Min(xow) - Max(xow))
Explanatory variable x; : x4
—-1.414 — (—-1.414)
((-1.414) — (-1.414))
= 0.0000

XNEW =

Explanatory variable x, : x;,
_ —1.414 — (0)
©((-1.414) — (+1.414))

= 0.5000

where x; = A: TMP, x, = B:Velocity

Hence, we now make values of the operating
factors that lie between zero and one for RSM data as
given in Table 3. We shall fit the coded values to the
quadratic model of Equation (3) and thereafter fit the
OLS and the adaptive LLR model to the RSM data that
are coded to lie in the interval of 0 and 1 as given in
Table 3.

Table 3: Transformed RSM data in the interval of zero and one

Exptal. Exptal. Design Coded Levels
Run A: TMP B: Velocity PF (L/m?h)  Turbidity Removal COD Removal
(code) (code) (%) (%)

1 0.0000 0.5000 40 82 78
2 0.5000 0.0000 32 85 82
3 0.5000 0.5000 48 74 79
4 0.8536 0.8536 64 72 68
5 1.0000 0.5000 52 70 69
6 0.8536 0.1464 42 68 78
7 0.5000 0.5000 50 73 81
8 0.5000 0.5000 47 75 78
9 0.5000 0.5000 49 77 80
10 0.5000 1.0000 68 69 68
11 0.1464 0.8536 58 80 73
12 0.1464 0.1464 33 88 82
13 0.5000 0.5000 49 76 79

Multi-Response Optimization Problem

Table 4: Optimization criteria at the desired goal [9]

This involves the optimization of two or more
responses simultaneously with the associated factors
(%11, Xiz, - - -, xz)- The optimization criteria and the
desired goal for the multi-response problem as given
in [20] as shown in Table 4 below:

Criteria Goal Lower Limit Upper Limit
TMP (bar) In the range 1 25

Velocity (m/s) In the range 15 3.7

PF (L/m? h) Maximize 32 68.4
Turbidity Removal (%) Maximize 68 88

COD Removal (%) Maximize 68 82
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Based on the type of response, the desirability
function transforms the estimated response, 9, (x) to

different individual scalar measure, d, (yp(x))
namely:
For larger-the-better (LTB) response d, (ﬁp(x)) is

given as:
N 0, ¢ yp(x) <L
d, (@) = ({247, L5 <T,
1, $p()>T,
s.txeqQ, (15)

Where Tand L are the maximum acceptable value and
lower limit, respectively, of the p** response.

where p is the target value of the p®* response.
However, for RSM data, the parameters values of
t; and t, are weights taken to be 1 for linearity [6, 12,
13, 22].

In the application, we give the individual
desirability of the process requirement for the three
responses.

For PF (L/m2 h); d, (yp(x)) is given as:
0

( ) o )'32 . $1(x) < 32

di(9(0) = B2 ICORLy 32 < 9,(x) < 684,

N {68_:32} pEnS
s.txeq, (16)

WhereT = 68.4, L =32 are the maximum
acceptable value and lower limit, respectively, of the
15¢ response.

For Turbidity Removal (%); d,(9,(x)) is given as:

o 9,() < 68
dz(f’z(x)) = {%} ' 68 < 9,(x) < 88,
1, V,(x) > 88,
s.txeqp, (17)

Where T = 88, L = 68 are the maximum acceptable
value and lower limit, respectively, of the 2m¢
response.

For COD Removal (%); ds(9;(x)) is given as:

o 9(x) < 68
d(9:) = =2 68 < 9;(x) < 82,
1, V3 (x) > 82,
s.txeqQ, (18)

Where T = 82, L = 68 are the maximum acceptable
value and lower limit, respectively, of the 37
response.

The overall desirability function

The aim of desirability function is to maximize the
overall desirability, D, which is the geometric mean of
the individual desirability functions. Overall
desirability D is given as:

D = Y/(d:0.(®). d;3.(0) .. dy@p(®)  (19)
where v = 3is the number of response variables,
dy1(x), dy9,(x),..., d,¥,(x) are the individual
desirability [11, 13, 17]. The desirability function
dm(Pm(x)) ,m = 1,2, ..., v allocate values between 0
and 1 centered on the process requirements such that

the most undesirable and desirable values are
d,(9,(x)) = 0 and d,,(9,(x)) = 1 respectively.

Explanation of statistical terms
The goodness-of-fit statistics considered in this study
are; PRESS, PRESS™",SSE, MSE,R* and RZ%; .

The Prediction Error Sum of Squares (PRESS)
statistic, which is often small, serves as a version of
the cross-validation criterion given as:

PRESS = 31, (v = 9u-40)) (20)

PRESS™ criterion was derived as a substitute to the
PRESS , with the tendency to overfit the data. The
form of the PRESS™ criterion for selecting the
bandwidths is given as:

Z?=1(3’i-37i,—i(-))2

n—trace(H(-) (Q))+(n—k—1)m;"si_ﬁ
max

(1)

PRESS™(Q) =

where SSE,,., iS the maximum Sum of Squared
Errors obtained as the b;; tend to infinity, SSEj, is the
sum of squared errors associated with a set of
bandwidths b;;, trace(H“Q) is the trace of the Hat
matrix and ¥; _; is the leave-one-out cross-validation
estimated value of y; with the i** observation left out
[8, 9,10]. For data emanating from RSM, the vector of
optimal bandwidths Q € [b *;;] is derived based on
the minimization of the Penalized Prediction Error
Sum of Squares, PRESS™ see, [8, 9, 10]. The Sum of
Squares Error, SSE and the Mean Square Error, MSE
describes how well each regression model estimates f
as given in equation (1). The statistic for selecting
estimates is that it should minimize the sum of squares
residuals, also known as the sum of squares error
given as SSE. Thus,

SSE =31, &f = Y (v — 9)? (22)

The mean square error, MSE is given as:

MSE = i (vi=99)? (23)
n—k
where n, is the number of sample size, k, is the
number of explanatory variables used in the study and
the degree of freedom, n — k plays a significant role
in the value of MSE, since smaller degree of freedom
may result to a larger MSE, while larger degree of
freedom may also result to smaller MSE see [8, 9,10].
In RSM, the coefficient of determination, R?
and the adjusted coefficient of determination, RZ;;
statistics are also used to validate model adequacy of
a real system. R? measures the extent of the observed
variability in the experimental data the model can
explain. The value of R? tends to increase as the
number of explanatory variables increases and as such
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Rédj was derived to adjust or modify R? inadequacy
by taking into consideration the number of
explanatory variables in the model. The R? and RZ;

are expressed in equations (24) and (25) respectively:

Yz, i=99)?
RZ =1 — &i=1 )i
L i-)?
(-9
n—k 25
s (vi-9)° (29)
n—-1

(24)

thzdj =1-

The values of R? and Rj,; statistics should be close to
unity for statistical significance of the model
considered. Thus, k is the number of explanatory
variables used in the model, n is the number of sample
size, y;is the raw response, ¥; is the estimated
response and y is the mean response.

RESULTS AND DISCUSSION

The results in Table 5 clearly show that the LLRgg
method outperformed OLS and QM in terms of
responses such as; permeate flux (L/mz2h), turbidity
removal (%), and COD removal (%). LLR 5 achieved
better performance statistics in thirteen cells,
compared to four cells for OLS and one cell for QM,
for the multi-response problem. A tie between QM
and LLRrz occurred in only one cell. The cells in bold
indicate better performance compared to those that are
not bold. For minimum PRESS, PRESS, SSE, and
MSE values indicate better statistical performance,
while maximum R2 (%) and R2Adj (%) values also
show better performance.

Table 5: Model Goodness-of-fits statistics for OLS, QM and LLR,p

Response Model DF PRESS™" PRESS SSE MSE R*(%) Rf,dj(%)
Vi OLS 7.0000 6.7789 47.4521 10.7304 15329 99.2081  98.6425
oM - - - - - 99.1700  98.5800
LLRg 6.7976 3.8129 51.4833 9.5501 1.4049 99.3000 98.7600
Vs OLS 7.0000 62.2476 4357333  69.0777 9.8682 84.8820 74.0834
oM - - - - - 97.7000  94.5000
LLRpp 4.4149 21.7814 293.8003 10.6993  2.4234  97.7000  93.4300
Vs OLS 7.0000 5.0451 35.3159 9.0237 1.2891 97.2254  95.2436
oM - - - - - 97.2500  94.5000

LLRg 4.0307  4.4440 59.2554 5.2000 1.3000 98.4000 95.2000

: Y | B

2 a 6 B 10
Data Points (i)

12

Figure 1: Model Residuals for y1 (Permeate flux) response plotted against the data points for
OLS,QM and LLRyg models.

In figure 1, the deep blue straight line is the zero-
residual plot; green line is the OLS plot; red line is the
QM plot and light blue line is the LLRgg plot
respectively. The residual plots for the three models as
specified in the KEY for multi-response data.
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Figure 2: Model Residuals for y2 (Turbidity removal) response plotted against the data points for
OLS, QM and LLR 5 models.

In Figure 2, the deep blue straight line represents the
zero-residual plot; the green line represents the OLS
plot; the red line represents the QM plot; and the light
blue line represents the LLR g plot. The residual plots
for the three models are specified in the key for the

cccccccc

multi-response data. Clearly, LLRrg estimated the
data better than OLS and QM in four of the
performance statistics considered.

T
ENY

A

KEY

ZERO RESIDUAL LINE

- OLS RESIDUAL LINE

Y3 RESIDUAL LINE

a 10

& 5
DATA POINTS ()

Figure 3: Model Residuals for y3 (COD removal) response plotted against the data points for

OLS,QM and LLRgg models.

In Figure 3, the deep blue straight line represents the
zero-residual plot, the green line represents the OLS
plot, the red line represents the QM plot, and the light
blue line represents the LLR g plot. The residual plots
for the three models are specified in the key for the

multi-response data. Clearly, LLRpg estimated the
data fairly better than OLS and QM in three of the
performance statistics considered.

Table 6: Model optimal solution based on the multi-response desirability function

Model X1 X2 Y1 Y2 Y3 di(y) [ d2(32) d;(¥3) | D(%)
OLS | 0.2066 | 0.5396  [46.0553 |79.4585 ([79.2505 | 0.3861 0.5729 0.8036 56.23
QM 0.2727 | 0.6250 [50.6600 |78.8300 ([76.6300 | 0.5126 0.5415 0.6164 55.51
LLRpp | 0.2835 | 0.3830  [41.9441 (80.7240 [79.9819 | 0.4232 0.6362 0.8559 61.31

From Table 6, LLRpg offers an improved multi-
response in the maximization of the ultrafiltration of
oil-in-water emulsion over OLS and QM in terms of
overall desirability for the respective factorsx, =
Transmembrane pressure (TMP), x, = Velocity.

Obviously, LLRr; gave a better process
condition with 61.31% desirability and with operating
factors x; = 0.2835, x, = 0.3830 with the best
choice based on oil-in-water emulsion.

Table 7: Optimization and process requirement for the actual, predicted factors and responses

Criteria Goal Lower limit | Target LLRpp QM OoLsS
point

TMP (bar) Range 1 2.5 0.2835 0.2727 0.2066

Velocity (m/s) Range 15 3.7 0.3830 0.6250 0.5396

PF (L/m? h) Maximize 32 68.4 42 51 46

Turbidity R (%) Maximize 68 88 81 79 80

CODR (%) Maximize 68 82 80 77 79
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PFlux(LUm2h)

B: Velocity(m/s) A: TMP (bar)

Figure 4: LLRyp surface plot for maximum PF of
42% showing the effect of TMP and Velocity

Turicty Removal(%)

B: Velocity(m/s) * 1

Figure 5: LLRgg surface plot for maximum Turbidity
removal of 81% showing the effect of TMP and
Velocity

Chemical Oxygen Demand Removal(%)

B: Velocity(m/s) 1 1

A: TMP (bar)

Figure 6: LLRyg surface plot for maximum COD of
80% showing the effect of TMP and Velocity

The maximization of the single desirability functions
are given in Figure 4, 5 and 6 respectively shows the
shapes of the different colour variation in the surface
plots representing single desirability of the
optimization criteria for Permeate flux (L/m?h),
Turbidity removal (%) and COD removal (%)
respectively. Therefore, in Figure 4, the individual
desirability function for LLR,5 is 42% as against the
optimization results for OLS and QM with respective
individual desirability functions of 46% and 51% for
Permeate flux (L/m2h). Whereas, in Figure 5 the
individual desirability function for LLRyg is 81% as
against the optimization results for OLS and QM with
respective individual desirability functions of 80%
and 79% for Turbidity removal (%) and in Figure 6,
the individual desirability function for LLRg is 80%
as against the optimization results for OLS and QM
with respective individual desirability functions of
79% and 77% for COD removal (%).

A: TMF

CONCLUSION

In this paper, we examined the results from the
regression models OLS, QM, and LLRgg using the
CCD approach, considering two operating factors, at
five levels, and three responses for RSM data. The key
findings and their implications are as follows: the
kernel function, which regulates the shape of the
kernel weights (e.g., Gaussian kernel) via the use of a
fixed or global bandwidth, with x; as the explanatory
variable for location i, j as the number of explanatory
variables used in the design, x, as a dummy known as
the target point, and b as the fixed or global bandwidth
or smoothing parameter controlling the smoothness of
the estimated or fitted function, as given in equation
(1). This illustrates the superiority of LLR5 over OLS
and QM models, as it can adjust to bias both at the
boundaries and with unequal spacing of the
explanatory variables. We have statistically analyzed
the experimental data using the LLRgg model which
improve the operating features that would
simultaneously optimize the multi-response problems
through RSM data for permeate flux (L/mzh), turbidity
removal (%), and COD removal (%), evaluating
performance statistics, residual plots, and surface
plots, and comparing LLRpp with significant
improvement over the existing OLS and QM models.
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