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ABSTRACT 

The autoregressive conditional heteroscedastic (ARCH) and generalized autoregressive conditional 

heteroscedastic (GARCH) models have been used for modelling the volatility of financial time series data. These 

models were developed under the assumption of a normal distribution for the innovation distribution. Due to some 

constraints of the normal distributions like being leptokurtic, some important features of a data cannot be captured. 

Other distributions for the innovation distribution have been developed over the years. This study proposes a new 

innovation (error) distribution which was obtained through a transformation function by converting the inverted 

exponentiated skewed student t distribution into an innovation distribution through a transformation function. The 

new innovation distribution was used on GARCH (1,1) model in order to obtain the volatility parameters. The 

volatility parameters were obtained by the method of maximum likelihood estimation. The shape and skewed 

parameters of this distribution were obtained as well. The proposed error distribution will serve as a competitor 

to existing error distributions with an improved form of flexibility that captures the attributes of financial 

assets’volatility behaviour. 
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INTRODUCTION 

 

GARCH modelling under new error distributions 

signifies an essential development in capturing the 

behaviour of financial time series. Through the 

incorporation of distributions whose empirical 

attributes such as skewness and fat tails are well 

reflected, researchers can develop a more accurate and 

robust models. This advancement boosts the ability to 

comprehend and manage financial risk, thereby 

leading to improved investment strategies and 

economic forecasting. The adoption of a new error 

distribution in GARCH models increases flexibility in 

modelling financial time series that are complex. 

Error distribution is one of the essential 

techniques in the estimation of parameters of volatility 

models and Engle [1] proposed the use of the normal 

distribution as an error distribution in estimating his 

proposed volatility model. This error distribution has 

made waves in estimating volatility models. 

Bollerslev [2] also proposed the adoption of student t 

distribution which was developed by William [3]. The 

t-distribution which was adopted by Bollerslev [2] 

was aimed at addressing the constraint of the normal 

distribution. Nelson [4] introduced the generalized 

error distribution which was used for the parameter 

estimation of an exponential generalized 

autoregressive conditional heteroscedastic 

(EGARCH) model. The error distribution which 

includes the normal, uniform and Laplace distribution 

was noted to be more robust compared to the student-

t distribution [5]. 

Agboola et al. [6] introduced the 

exponentiated generalized skewed student-t 

distribution as the underlying distribution for GARCH 

(1,1) model. The efficiency of the new error 

distribution was assessed and compared with existing 

error distributions and it was observed that the 

exponentiated generalized skewed student-t 

distribution outperformed other distributions. 

O’Hagan & Leonard [7] proposed the skewed normal 

distribution in order to capture the skewness of a 

normal distribution, it takes into consideration the 

asymmetric attributes of the normal distribution. 

Based on the success of O’Hagan & Leonard; 

Fermandez & Steel [7, 8] adopted the skewed normal 

distribution as the underlying distribution for 

innovation distribution on the modelling of volatility. 

Theodossiou [9] introduced the skewed 

generalized error distribution as an error distribution. 

This was achieved through the modification of a 

skewed Laplace distribution by the addition of a 

skewed parameter. The skewed parameter that was 

added takes into account the skewness of the 

generalized error distribution and the skewed Laplace 

distribution. Obalowu & David [10] derived the four 

parameter odd generalized exponential Laplace 

distribution, its statistical properties were obtained, 

the distribution was confirmed to be efficient in 

modelling financial data. Sequel to the work of 
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Obalowu & David; Obalowu & David [10, 11] 

proposed the Odd Generalized Exponential Laplace 

Distribution as an innovation distribution for GARCH 

model and its variants. The study by Obalowu & 

David [10] shows that OGELAD outperform other 

error distributions considered in their study. Similar to 

the work of Obalowu & David; OlayemI & Olubiyi 

[11, 12] proposed the standardized exponentiated 

Gumbel error distribution as an innovation 

distribution. Though an explicit solution of the 

volatility parameters could not be obtained due to the 

complexity of the resulting equations. However, a 

numerical solution method was applied to get the 

parameter values. 

The importance of the innovation 

distribution under volatility modelling cannot be 

overemphasized as lot of researchers have delved into 

the applications of existing innovation distributions 

with little or no improvement on them. This study 

proposes a new innovation distribution called the 

Inverted exponentiated skewed student-t error 

distribution (IESSTED) that will take into account the 

skewness attributes of financial time series data, the 

proposed error distribution is more robust and 

parsimonious with an improved flexibility that 

caputures the attributes of asset’s volatility. The 

Inverted exponentiated skewed student-t distribution 

was first introduced by Danjuma et al.  [13] which 

consists of two parameters. The parameters of the 

volatility model for GARCH (1,1) under the inverted 

exponentiated skewed student-t error distribution 

were obtained through the method of maximum 

likelihood estimation. 

 

MATERIALS AND METHODS 

 

Inverted Exponentiated Skewed Student t 

Distribution 

Danjuma et al. [13] introduced the inverted 

exponentiated skewed student t distribution with two 

parameters whose pdf is given as; 

f(x; u, λ) =
λ

2u(λ+x2)3/2 [
1

2
+

x

2√λ+x2
]

1−u

u
;

    

  (1) 

−∞ > x > ∞, u > 0, λ > 0 

The CDF of the above distribution is given 

as; 

 

F(x; u, λ) =  [
1

2
+

x

2√λ+x2
]

1

u
  

    

   (2) 

 

 The inverted exponentiated skewed student-t 

error distribution (IESSTED) 

Through the method of transformation function, the 

proposed error distribution is obtained as follows.  

Let εt = xtσt be the transformation function [1]. 

where εt = xtσt is the error of the mean equation 

Hence, xt =
εt

σt
  

dxt

dεt

= 
1

σt

 

f(εt; u, λ, σt) =
𝜆

2𝑢[𝜆+(
𝜀𝑡
𝜎𝑡

)
2
]

3/2

[
 
 
 
1

2
+

𝜀𝑡
𝜎𝑡
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)
2

]
 
 
 

1−𝑢

𝑢

1

(𝜎𝑡
2)

1
2⁄
;   

        (3) 

Equation (3) is the proposed error distribution 

Maximum likelihood method of estimation of 

parameters for GARCH (1, 1) 

The likelihood function of the inverted exponentiated 

skewed student t error distribution (IESSTED) is 

given as; 

L(θ) = ∏[f(εt; u, λ, σt)]

n

t=1

 

L(θ) = ∏[f(εt; θ)]

n

t=1

 

Where θ = (u, λ, σt) 

L(θ)
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                                      (4) 

L(θ)
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                                   (5)  

Taking the log of equation (5), this will give 
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LL(θ)

= nlogλ − nlog2u −
3

2
∑log [λ + (

εt
2

σt
2
)]

n

t=1

+
1 − u

u
∑log

[
 
 
 
 
1

2
+

(
εt

2

σt
2)

1
2

2√λ + (
εt

σt
)

2

]
 
 
 
 n

t=1

−
1

2
nlogσt

2                                                       (6) 

Equation (6) is the general form of the log likelihood 

of the inverted exponentiated skewed student-t error 

distribution where u and 𝜆 are the shape and skewed 

parameters respectively, 𝜎𝑡
2 are the volatility models 

with vector parameters  

ϑ = (ω, α1, α2, … αi, β1, β2, … βj, ϱ, γ) 

Let 𝜎𝑡
2 be a GARCH (1,1) model given as σt

2 =  ω +
α1ε

2
t−1 + β1σ

2
t−1 

LL(θ)
= nlogλ − nlog2u

−
3

2
∑log [λ + (

εt
2
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2
t−1 + β1σ

2
t−1
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n
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+
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u
∑log

[
 
 
 
 
 

1

2
+

(
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2
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2
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2
t−1
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1/2

2√λ +
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2
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2
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2
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n

t=1

−
1

2
nlog(ω + α1ε

2
t−1

+ β1σ
2
t−1)                                                                      (7) 

Taking the partial derivative of equation (7) with 

respect to u, λ, ∅, ω, α1 and β1  and equating the 

resulting equations to 0 gives; 

dll(θ)
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=  

−n

u
−

1
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∑ log
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1

2
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2
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2
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= 0                                      (8) 

Equation (7) can be expressed as  
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3

2
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3

2
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               (9) 

From equation (9), 
dll(θ)

dλ
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n
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DISCUSSION 

 

A new innovation distribution called the inverted 

exponentiated skewed student-t error distribution 

(IESSTED) was proposed in this study and applied on 

the GARCH (1,1) model. The parameters of the model 

were derived through the method of maximum 

likelihood by taking a partial derivative of the log 

likelihood function with respect to each of the 

parameters to be estimated and equating the resulting 

equations to 0. Due to the complex nature of the 

resulting equations, an explicit solution for the 

paramters could not be obtained. However, the 

solutions can be obtained through some iterative 

processes or the use of statistical packages. 

 

CONCLUSION 

 

GARCH modelling under an error distribution implies 

an indispensable development that captures the 

characteristics of financial time series.This study 

delved into a new error distribution called the inverted 

exponentiated skewed student-t error distribution 

(IESSTED). A GARCH (1,1) model was considered 

in this study and the parameters were estimated by the 

method of maximum likelihood. The new model will 

be of immense importance in volatility modelling and 

it will also take into account the asymmetric attributes 

of a dataset. In addition, the new error distribution will 

serve as a contribution to the existing literatures on 

innovation (error) distribution and also, it will be a 

competitor to other existing error distributions. 

Moreover, the new model can be used in modelling 

the volatility of financial time series data such as stock 

prices and foreign exchange data. Futher research 

involving a comparative study of the new error 

distribution with existing ones can be conducted.  
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